We define the position of an irreducible complex character of a finite group as an analogue of the degree. We then use this to define three classes of groups: PR-groups, IPR-groups and weak IPR-groups. We show that IPR-groups and weak IPR-groups are solvable and satisfy the Taketa inequality (ie, that the derived length of the group is at most the number of degrees of irreducible complex characters of the group), and we show that any M-group is a weak IPR-group. We also show that even though PR-groups need not be solvable, they cannot be perfect.
Introduction
Let G be a finite group and let cd(G) = {χ(1) | χ ∈ Irr(G)} be the set of (irreducible) character degrees of G. It is a conjecture that if G is solvable then dl(G) ≤ |cd(G)| where dl(G) denotes the derived length of G. This inequality is called the Taketa inequality.
One of the first results in the direction of the above inequality was the theorem of Taketa ([Isa76, Theorem 5.12]) that if G is an M-group then G is solvable and satisfies the Taketa inequality. Some other conditions under which a finite solvable group is known to satisfy the Taketa inequality are |G| odd ( [MW93, Corollary 16.7 
]) and |cd(G)| ≤ 5 ([Lew01, Main Theorem]).
If G is a finite solvable group which does not satisfy any of the above conditions, there are still two known bounds on dl(G) in terms of |cd(G)|, namely dl(G) ≤ 2|cd(G)| − 3 ([Kil12, Theorem 1]) and dl(G) ≤ |cd(G)| + 24log 2 (|cd(G)|) + 364 ([Kel03, Theorem 3.6]). The latter is the better of the two bounds when |cd(G)| ≥ 588.
In this paper, we will define the position of an irreducible character of G as an analogue of the degree, and use these positions to define certain classes of groups, which we call position reducible groups (PR-groups), inductively position reducible groups (IPR-groups) and weak IPR-groups.
We then show that any IPR-group is a weak IPR-group and that any weak IPR-group is solvable and satisfies the Taketa inequality. We also show that if G is an M-group then G is a weak IPRgroup, and we conjecture that in fact G is an IPR-group. PR-groups need not be solvable, but we show that if G is a PR-group, then the derived subgroup of G is not perfect (and hence neither is G). We also show that if G is a solvable PR-group with at least 6 character degrees, then dl(G) ≤ 2|cd(G)| − 4.
Notation and preliminaries
In this paper, G is a finite group, and character means complex character. We will use the following notation.
• Irr(G) is the set of irreducible characters of G.
• Lin(G) is the set of linear characters of G.
• Irr(G|G ) is the set of non-linear irreducible characters of G (following the notation of [IK98] ).
• cd(G) = {χ(1) | χ ∈ Irr(G)} is the set of character degrees of G.
• ϕ G is the character of G induced from ϕ when ϕ is a character of H for some H ≤ G.
• χ H is the restriction of χ to H when χ ∈ Irr(G) and H ≤ G.
• [χ, ψ] is the usual normalized inner product of the characters χ and ψ of G.
The following lemmas will be used several times in the paper.
Lemma 2.1. Let H ≤ G and let ϕ be a character of H.
Then we have
In particular, we have ker(ϕ G ) ≤ H.
Proof. This is Lemma 5.11 in [Isa76] Lemma 2.2. Let H ≤ G, let ϕ be a character of H and assume that N is a normal subgroup of G with N ≤ ker(ϕ).
Proof. This follows directly from Lemma 2.1.
Positions of characters
In this section, we will define the position of an irreducible character of G as an analogue of the degree. We will then use this to associate certain numbers to arbitrary characters and also to subgroups.
Definition 3.1 (Position of a character). Let cd(G) = {f 1 , f 2 , . . . , f n } with f 1 < f 2 < · · · < f n . Let χ ∈ Irr(G) with χ(1) = f i . Then the position of χ is defined to be pos(χ) = i.
Note that an alternative definition of the position of an irreducible character χ is pos(χ) = |{i ∈ cd(G) | i ≤ χ(1)}|.
Clearly we have pos(χ) ≤ χ(1). Given some group G, if we know cd(G), then for any χ ∈ Irr(G), we have that χ(1) and pos(χ) provide the same information. But if we look at some character "in isolation", then the two numbers give us different information.
Of course, we have that pos(χ) = 1 if and only if χ(1) = 1, and if χ(1) = 2 then pos(χ) = 2. But pos(χ) = 2 need not imply that χ(1) = 2 (in fact, χ(1) can be arbitrarily large in this situation).
The concept of position of irreducible characters has in fact been used several places in the literature already, though without giving a name or a notation to it. Examples include the precise formulation of the theorem of Taketa on the solvability of M-groups already mentioned, as well as the normal series D i (G) (4.11).
One motivation for looking at positions rather than degrees of the characters is that it allows us to make the following definitions much easier. Definition 3.2 (Taketa-character). Let χ ∈ Irr(G) with pos(χ) = i. We say that χ is a Taketacharacter if
It is clear that any linear character is a Taketa-character. The mentioned theorem of Taketa can now be stated as "If G is an M-group then G is a Taketa-group", and this is the reason for the choice of the name.
Clearly, if G is a Taketa-group then G is solvable and G satisfies the Taketa inequality (since the intersection of the kernels of all the irreducible characters is trivial).
Unlike degrees, it does not make sense to speak of the position of a character if it is not irreducible. There are, however, two distinguished "positions" of any character, which we will be interested in. We can also use these positions to assign a number to any subgroup of G. This number will behave a bit like the index of the subgroup, though with some notable exceptions. Proposition 3.6. Let K and H be subgroups of G.
(2) By (1) it is enough to show that [G :
χ so this is clear. (4) This is clear since (1 {1} ) G is the regular character of G which has all irreducible characters as constituents.
(5) This follows because (1 H ) G has degree [G : H] and has 1 G as a constituent, so the degree of any constituent is strictly less than [G : H] and hence so is the position.
We will be interested in when it is possible to find a subgroup H such that [G : H] pos is small compared to the positions of certain characters of H (made precise below). Note that given some ϕ ∈ Irr(H), the number pos max (ϕ G ) is smallest if ϕ G splits into as many constituents as possible. When calculating [G : H] pos it would be nice if we knew something about which characters ϕ ∈ Irr(H) minimize pos max (ϕ G ). Unfortunately, it is not easy to say much about this. It is for example not always the case that it is minimized by a linear character. An example of this can be found by looking at the group G = SL 2 (3) × C 2 , which has a subgroup H of order 8 isomorphic to Q 8 such that [G : H] pos is minimized by a character ψ ∈ Irr(H) with pos(ψ) = 2. We will also call (G, H, χ) a PRT if there is some constituent ϕ ∈ Irr(H) of χ H such that (G, H, χ, ϕ) is a PRT. Note that to check whether (G, H, χ) is a PRT it is enough to check whether pos min (χ H ) + [G : H] pos ≤ pos(χ). The reason we also need to consider PRTs with the constituent ϕ of χ H specified is that sometimes, we will want to put extra requirements on this constituent.
Note that allowing H = G in the definition of PRT would not change anything, as (G, G, χ) can never be a PRT. We have chosen to require H < G for practical reasons that will be apparent when we define IPR-groups (Definition 4.3).
Part of the motivation behind the definition of a PRT is that if (G, H, χ) is a PRT, then in some respects, the character χ behaves as if it was induced from a linear character of H (see also Proposition 3.9). Definition 3.8 (Position reducible character (PR-character)). We say that χ ∈ Irr(G) is a position reducible character (PR-character) if there is some H < G such that (G, H, χ) is a PRT. Proposition 3.9. If χ ∈ Irr(G|G ) is monomial, then χ is a PR-character.
Proof. Let H ≤ G and ϕ ∈ Lin(H) with ϕ G = χ. We then see that (G, H, χ, ϕ) is a PRT, since we have pos(ϕ) = 1 and [G : H] pos ≤ pos max ((1 H ) G ) < pos(χ) since 1 G is a constituent of (1 H ) G and the latter has the same degree as χ.
As mentioned, we would at some point need to put a further condition on the constituent ϕ of χ H in the definition of a PRT. The precise requirement we will need is the following. Definition 3.10. χ ∈ Irr(G) is said to be a Taketa-PR-character if there is a PRT (G, H, χ, ϕ) such that ϕ is a Taketa-character.
Since any linear character is a Taketa-character, we see that any monomial χ ∈ Irr(G|G ) is also a Taketa-PR-character (by the proof of Proposition 3.9).
The following two results say something about when the derived subgroup can be used to form PRTs. The following result has proven surprisingly useful in determining whether specific groups were IPR-groups or weak IPR-groups. In specific cases, this result will often be sufficient to prove that a group is a PR-group, and iterating it by taking further derived subgroups until one gets a nilpotent group will then sometimes allow one to conclude that the group is an IPR-group. Proposition 3.12. Let χ ∈ Irr(G|G ). If (G, G , χ) is not a PRT then there exists a ϕ ∈ Irr(G ) such that pos(ϕ) ≥ pos(χ) and ϕ(1)t divides χ(1) where t is the index of the stabilizer of ϕ in G.
Proof. If (G, G , χ) is not a PRT, then by Lemma 3.11 we have that pos min (χ G ) ≥ pos(χ) so there is a ψ ∈ Irr(G ) which is a constituent of χ G and such that pos(ψ) ≥ pos(χ).
Since G is normal in G, however, we know from Clifford's Theorem that χ G = e t i=1 ψ i where e = [χ G , ψ] and the ψ i are the different conjugates of ψ in G. In particular, we have that χ(1) = χ G (1) = etψ(1), so ψ(1)t divides χ(1) as desired.
Another consequence of Lemma 3.11 is Proposition 3.13. Let χ ∈ Irr(G|G ) be given and assume that G ≤ ker(χ). Then (G, G , χ) is a PRT.
Proof. By Lemma 3.11 we just need to show that pos min (χ G ) < pos(χ). In fact we claim that pos min (χ G ) = 1.
Since χ G is a multiple of 1 G we have that all irreducible constituents of χ G are constituents of (1 G ) G , but these are all linear, which completes the proof.
In this paper, there are three main types of characters considered: PR-characters, Taketa-PRcharacters and Taketa-characters. The following results shows that for a character of position 2, these concepts coincide. Proposition 3.14. Let χ ∈ Irr(G) with pos(χ) = 2. Then the following are equivalent:
(1) χ is a PR-character (2) χ is a Taketa-PR-character (3) χ is a Taketa-character Proof.
(1) =⇒ (2): Assume that χ is a PR-character and let (G, H, χ, ϕ) be a PRT. We then have pos(ϕ) + [G : H] pos ≤ pos(χ) = 2 so the only possibility is that pos(ϕ) = [G : H] pos = 1 which means that ϕ is linear and thus a Taketa character, so χ is a Taketa-PR-character.
(2) =⇒ (3): Assume that χ is a Taketa-PR-character and let (G, H, χ, ϕ) be a PRT with ϕ a Taketa-character. As above, we get pos(ϕ) = [G : H] pos = 1 so by Proposition 3.6 (3) we must have G ≤ H and hence H G so since pos(ϕ) = 1 this holds for all constituents of χ H and thus also for all constituents of χ G . Hence restricting χ to G gives only linear constituents, and since the linear characters of G have G in their kernel, this shows that G ≤ ker(χ), so χ is a Taketa-character.
(3) =⇒ (1): Assume that χ is a Taketa-character. Since pos(χ) = 2 this means that G ≤ ker(χ) so by Proposition 3.13 we have that (G, G , χ) is a PRT, and hence χ is a PR-character as claimed.
Position reducible groups
In this section we will turn our attention to properties of the group G related to the previously defined properties of the characters of G.
Since we have defined a certain type of character for G, it is natural to look at groups where all characters are of this type.
Definition 4.1 (Position reducible group (PR-group)). G is said to be a position reducible group (PR-group) if all χ ∈ Irr(G|G ) are PR-characters.
Note that we only require the non-linear irreducible characters to be PR-characters. This is because a linear character can never be a PR-character.
This also means that any abelian group will automatically be a PR-group, as it has no non-linear irreducible characters.
We now have three definitions with names containing PR (PRT, PR-character and PR-group). The PR part means essentially the same thing in all of these, and the concepts are very much related. To summarize, a PR-group is one where all non-linear irreducible characters are PRcharacters, and PR-characters are those irreducible characters can can be part of a PRT. The two different "versions" of PRT that we have (one with four entries and one with 3 entries) are the same thing, where in one of them, we suppress part of the information. Proof. This is clear from Proposition 3.9.
One problem with PR-groups is that subgroups of PR-groups need not be PR-groups themselves. The same is true for M-groups, but where one can often say nice things about M-groups because the characters one considers for the subgroups are linear, this is not the case for PR-groups.
One could remedy this for PR-groups by requiring the character ϕ in a PRT (G, H, χ, ϕ) to be linear. But this would be unnecessarily restrictive, as we can still say interesting things without this. Instead, we will consider the following groups. group (IPR-group) ). G is said to be an inductively position reducible group (IPR-group) if for each χ ∈ Irr(G|G ) there exists an H < G such that H is an IPR-group and (G, H, χ) is a PRT. Note that since we require H < G, the recursive nature of the definition is not a problem (and just as for PR-groups, we can see that any abelian group is vacuously an IPR-group).
We see that if P is some property such that any group satisfying P is a PR-group and such that P is inherited by subgroups, then any group satisfying P is an IPR-group. In particular, by Proposition 3.9 we see that if P is a property such that any group satisfying P is an M-group and such that P is inherited by subgroups, then any group satisfying P is an IPR-group. A special case of this is the following:
Proof. That a supersolvable group is an M-group follows from Theorem 6.22 of [Isa76] , so the claim follows from the comments preceding the proposition, since any subgroup of a supersolvable group is itself supersolvable.
Emulating the definition of a PR-group, now using Taketa-PR-characters instead, we look at the following.
Definition 4.5 (Weak IPR-group). G is said to be a weak IPR-group if all χ ∈ Irr(G|G ) are Taketa-PR-characters.
By the above comment, we see that any M-group is also a weak IPR-group. The justification for calling these weak IPR-groups is given in Corollary 4.7 The following result is one of the main motivations for studying IPR-groups. Theorem 4.6. If G is an IPR-group then G is a Taketa-group.
Proof. Let χ ∈ Irr(G) with pos(χ) = i. We then need to show that G (i) ≤ ker(χ).
The proof will proceed by induction on i and |G| (in the lexicographic ordering of N × N). If |G| = 1 the result is trivial and if i = 1, χ is linear, so the result also holds in this case. Assume therefore that |G| > 1 and i > 1.
Let H < G be given such that H is an IPR-group and let ϕ ∈ Irr(H) such that (G, H, χ, ϕ) is a PRT. This means that there is some ψ ∈ Irr(H) such that pos max (ψ G ) + pos(ϕ) ≤ i, so let such a ψ be given. In particular, we then have pos max (ψ G ) < i.
We now have by Lemma 2.1 that ker(ψ G ) ≤ H, but since this kernel is the intersection of the kernels of its irreducible constituents and since we have pos max (ψ G ) < i, we get by induction that G (k) ≤ H where k = pos max (ψ G ) (since it must be contained in the kernel of each irreducible constituent of ψ G ).
Let n = pos(ϕ). Since |H| < |G| and H is an IPR-group, we get by induction that H (n) ≤ ker(ϕ).
Since we now have that G (k) ≤ H and H (n) ≤ ker(ϕ) we get that G (n+k) ≤ ker(ϕ). Since G (n+k) is normal in G, we thus get that G (n+k) ≤ ker(ϕ G ) by Lemma 2.2. Since ϕ is a constituent of χ H , we also have that χ is a constituent of ϕ G by Frobenius reciprocity, so ker(ϕ G ) ≤ ker(χ). Thus, G (n+k) ≤ ker(χ), and since we have n + k = pos(ϕ) + pos max (ψ G ) ≤ i this completes the proof.
The following corollary justifies the use of the term weak IPR-group.
Corollary 4.7. If G is an IPR-group then G is a weak IPR-group.
Proof. This is clear from Theorem 4.6.
Theorem 4.8. If G is a weak IPR-group then G is a Taketa-group.
Proof. Let χ ∈ Irr(G) with pos(χ) = i. We need to show that G (i) ≤ ker(χ). We will proceed by induction on i.
If i = 1 then the statement is trivial, so assume i > 1. Let H < G and ϕ ∈ Irr(H) be given such that ϕ is a Taketa-character and (G, H, χ, ϕ) is a PRT. Let n = pos(ϕ), so H (n) ≤ ker(ϕ) since ϕ is a Taketa-character. Let ψ ∈ Irr(H) such that pos(ϕ) + pos max (ψ G ) ≤ i. We have ker(ψ G ) ≤ H by Lemma 2.1 and since pos max (ψ G ) < i we have by induction that G (k) ≤ ker(ψ G ) ≤ H where k = pos max (ψ G ).
We now have that G (n+k) ≤ ker(ϕ) and since G (n+k) is normal in G, this means that G (n+k) ≤ ker(ϕ G ) by Lemma 2.2. Since ϕ is a constituent of χ H we have that χ is a constituent of ϕ G by Frobenius reciprocity, so we get that G (n+k) ≤ ker(χ), and since n + k = pos(ϕ) + pos max (ψ G ) ≤ i this completes the proof.
An immediate consequence of Lemma 3.11 is the following.
Proof. Since G is abelian, it is an IPR-group, and for any χ ∈ Irr(G|G ) it is clear from Lemma 3.11 that (G, G , χ) is a PRT.
If G is a PR-group then G need not be solvable, but we do have the following result, showing that it is at least not perfect (so in particular not simple).
Corollary 4.10. If G is a non-abelian PR-group then G is not perfect. In particular, G is not perfect.
Proof. Let χ ∈ Irr(G) with pos(χ) = 2. By Proposition 3.14 we know that G ≤ ker(χ). But since pos(χ) = 1 we have that G ≤ ker(χ) so we cannot have G = G which proves the claim.
We can also use the above to get a bound on the derived length of a solvable PR-group in terms of the number of character degrees. The bound we obtain is slightly better than what is known for arbitrary solvable groups as long as the number of character degrees is not too large (see the introduction). First, we define a specific normal series for G and recollect some of the properties of this. If n = |cd(G)| then it is now clear that we have a normal series
where we use the convention that an empty intersection of subgroups of G is G itself. It is also clear that we have D 1 (G) = G and that all the D i (G) are normal in G. Some further properties of the D i (G) are listed in the following theorem:
Conjectures
As previously noted, if G is an M-group then G is a weak IPR-group. But looking at the groups up to order 384 in GAP, one can see that at least up to this order, all M-groups are in fact IPR-groups. This is of course not a very large order to compute up to, but unfortunately due to the recursive nature of the definition of an IPR-group, it takes a lot of time and memory to do this for larger groups.
The reason it is hard to tell whether an M-group is necessarily an IPR-group is that not much is known about what conditions guarantee a subgroup of an M-group to be an M-group itself.
One thing to note is that the example given by Dade of an M-group which contains a normal subgroup which is not itself an M-group ([Dad73]), is in fact an IPR-group, but so is the normal subgroup which is not an M-group. This can be seen as follows: Let G be Dade's example. Then cd(G) = {1, 2, 7, 14, 16}, cd(G ) = {1, 7, 8} and cd(G ) = {1, 8}. But |G | = 128 so this subgroup is nilpotent, and the claim now follows from applying Lemma 3.12. The same type of argument also gives the claim for the normal subgroup which is not an M-group.
Also worth noting is that all Taketa-groups of order at most 1000, except possible those of order 768, are PR-groups (by GAP computations), and as noted in Proposition 3.14 there is at least some connection between the properties.
If it is indeed the case that any Taketa-group is a PR-group, then if P is a property such that any group satisfying P is a Taketa-group and such that P is inherited by subgroups, then any group satisfying P will be an IPR-group. An interesting special case of this would be that any group of odd order is an IPR-group, since these are Taketa-groups by the proof of [MW93, Corollary 16.7] .
